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COMPRESSED RESOLVENTS OF SELFADJOINT CONTRACTIVE 
EXTENSIONS WITH EXIT AND HOLOMORPHIC 
OPERATOR-FUNCTIONS ASSOCIATED WITH THEM 

YU.M. ARLINSKII AND S. HASSI 


Abstract. Contractive selfadjoint extensions of a Hermitian contraction B in a Hilbert 
space f) with an exit in some larger Hilbert space are investigated. This leads to a new 

geometric approach for characterizing analytic properties of holomorphic operator-valued 
functions of Krein-Ovcharenko type, a class of functions whose study has been recently 
initiated by the authors. Compressed resolvents of such exit space extensions are also 
investigated leading to some new connections to transfer functions of passive discrete-time 
systems and related classes of holomorphic operator-valued functions. 


1. Introduction 

Let S' be a closed symmetric, possibly nondensely defined, linear operator in a (complex 
separable) Hilbert space Sj. As is well known, the operator S admits selfadjoint extensions 
possibly in a larger Hilbert space Sj = Sj © 'H [T], [36]. Let A be such extension. Then there 
are two compressed resolvents P^{A — A/) _1 [ij and P^(A — A/) _1 ['H. As is well known, 
the function Pf,(A — A/)~ * 1 [fo is called generalized resolvent of S. First results related to 
descriptions/parameterizations of canonical and generalized resolvents of densely defined 
closed symmetric operator with equal and finite deficiency indices, and their applications 
to the moment and interpolation problems were obtained by M.A. Nahnark [Si 138] and 
M.G. Krein [271128 . 130] . Krein’s approach has been further developed in M.G. Krein and 
H. Langer [31, 32], where densely defined symmetric operators in a Pontryagin space setting 
were considered. A.V. Shtraus in [3D] suggested another approach for the investigation and 
parametrization of all generalized resolvents of an arbitrary symmetric, not necessary densely 

defined, operator. The Shtraus representation ffl for Ps)(A — XI) 1 \Sj takes the form 

P S) (A~XI)- 1 \^ = (A(X)-XI)- 1 , XeC\R + , 

where A(A) is a holomorphic family of quasi-selfadjoint extensions of S (S C A(A) C S'*), 
A(A) is maximal dissipative for ImA < 0, and maximal anti-dissipative for ImA > 0. A 
recent survey on Shtraus approach, its developments, and corresponding references can be 
found in [05]. Extensions of symmetric linear relations and their generalized resolvents 
have been studied in mmmm- Furthermore, M.G. Krein and I.E. Ovcharenko [33] 
and H. Langer and B. Textorius [35] obtained descriptions of all generalized resolvents of 
selfadjoint contractive extensions and contractive extensions of dual pair of contractions. 

The main objective in this paper is to study compressed resolvents P^(zB — J)^ 1 [Sj and 
Pu(zB — I)~ 1 \'H of selfadjoint contractive extensions (sc-extensions) B (with exit in some 
larger complex separable Hilbert space T) © H) of a nondensely defined Hermitian contrac¬ 
tion B in and investigate the interplay that occurs in certain associated analytic operator 
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functions. This investigation is motivated by some further applications which involve bound¬ 
ary triplets, boundary relations, and the corresponding Weyl functions and Weyl families; 
cf. pL9l, 1 201 12T J. In this paper some new connections between compressed resolvents and 
transfer functions of corresponding passive selfadjoint discrete-time systems are established; 
see Theorems 14.11 14.31 with a further consequence established in Theorem 14.41 There are 
also a couple of other new properties that complement some well-known results established 
in [2D, 33] and are related to the shorted operators and selfadjoint contractive extensions; 
see Theorems 13.21 and 13.31 These results lead to a new construction of special pairs of sc- 
extensions of B without exit by means of sc-extensions with exit with certain prescr ibed 
geometric properties. The main result in this connection is established in Theorem 13.61 
The interest in studying such special pairs of sc-extensions of S possessing certain specific 
geometric properties comes from the fact that they play a central role in characterizing an¬ 
alytic properties of Krein-Ovcharenko type holomorphic operator functions which originally 
appeared in [33] and whose systematic study was initiated in [ID]. 

2. Preliminaries 

2.1. Linear fractional transformation of sectorial operators and linear relations. 

On the set of all linear relations (hr.) in a Hilbert space Sj define the linear fractional 
transformation (the Cayley transform) 

(2.1) C(S) = T = {(x + x',x~x') : (x, x') G S}. 

Clearly, C(C(S)) = S. Let S be an accretive l.r. in Ti, i.e., Re ( 2 /, a;) > 0 for all (x,x') G S; 
see [26] [39]. Then it follows from the identity 

||a: + a/H 2 — ||x — x'\\ 2 = 4Re (a/, x) 

that T is the graph of a contraction T in ip ||T|| < 1, and dornT = dornT is a subspace in 
ip Conversely, if T is a contraction in T) defined on a subspace dornT C f), then 

S = {((/ + T)h, (/ - T)h) , h G dornT} 

is an accretive l.r. in ip The transformation C can be rewritten in operator form as follows 
C(S) = T = -/ + 2(7 + S)-\ S = (/ - T)(J + T)" 1 = -/ + 2(1 + T)~\ 

The following properties are clear from the above formulas: 

• S is the graph of an accretive operator if and only if ker(/# + T) = {0}, 

• S is m-accretive if and only if dom T = H , 

• S is nonnegative selfadjoint relation if and only if T is a selfadjoint contraction. 

In the sequel we will denote by L(ip,i 32 ) the set of all linear bounded operators acting from 
ip into fj 2 and by L(ij) the Banach algebra L(ipi)). 

Recall that for a contraction T G L(ip,ip) the nonnegative square root Dt = (/ —T*T) 1//2 
is called the defect operator of T and T>t (the so-called defect subspace) denotes the closure 
of the range ranTR. For the defect operators one has the well-known commutation relation 
TDt = Dt*T. Since 

[T D t .] [T D t .]* = TT* + T 2 * = / 2 , 
one has ranT + ran Dt* = f) 2 - In general this sum is not direct: one has 

(2.2) ran T D ran Dt* = ran T Dt = ran Dt*T, 
as can be checked directly. It is also easily seen that 

(2.3) T(ker Dt) = ker Dt*-, T*(ker Dt*) = ker Dt- 
Hence, ker Dt = {0} if and only if ker Dt* = {0}. 
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Definition 2.1. [5]. Let a G (0,7t/2) and let A be a linear operator in the Hilbert space H 
defined on a subspace dom A If 

(2.4) 11A sin a ± icosalnW < 1, 

then in the case domA = H we say that A belongs to the class Ch(ol), and in the case 
domA t - H we say that A is Ch («) -suboperator. 

The condition (I2.4[) is equivalent to 

(2.5) 2|Im(A/,/)| <tano;(||/|| 2 - \\Af\\ 2 ), f G domA 

Therefore, (Ttf(a)-suboperator is a contraction. Due to (12.5p it is natural to consider Her- 
mitian (selfadjoint) contractions in H as (Ttf(O)-suboperators (operators of the class Cr( 0), 
respectively). In view of (12.5p one can write 

Ch( 0) = P| Ch(ck). 

q£( 0,7r/2) 

Analogously, the convex hull C(a ) = {z G C : | z sin a ± i cosa| < 1} in the complex plane is 
denoted by C(a). If a = 0, then the above intersection equals C(0) = [—1,1]. Notice that 
the linear fractional transformation (12. ip establishes a one-to-one correspondence between 
o-sectorial (m — o-sectorial) l.r. (as defined in [26j, 21]) in H and C^(a)-suboperators 
(operators of the class Ch(o), respectively). In addition, T G Cr(o) if and only if the 
operator (I— T*)(/+T) is a sectorial operator with the vertex at the origin and the semiangle 
a; see [6]. Denote 

Ch [J C H (a). 

oG[0,7r/2) 

Properties of operators of the class Ch were studied in [5J [6] . In |5] it was proved that if 
T G Ch, then 

(1) ran(Dy~) = ran (fij-®) = Dt r for all natural numbers n, where T ri = (T + T*)/ 2 is 
the real part of T, 

(2) the subspace reduces the operator T, and, moreover, the operator T\ ker (D T ) is 
a selfadjoint and unitary, and T\Dt is a completely nonunitary contraction of the 
class Coo 133], be., lim T n f = lim T* n f = 0 for all / € D T - 

n—>-oo n^oo 

Let T G Ch- Then, clearly, the operators In ± T are m-sectorial (bounded) operators. It 
follows that Ih + T — (In + Tr) 1//2 (J + iG)(In + Tr.) 1//2 , where Tr = (T + T*)/ 2 is the real 
part of T, G is a bounded selfadjoint operator in the subspace ran ( I H + Tr) 1 / 2 , and / is the 
identity operator in ran (Ih + Tr) 1 / 2 . Let 

M = —/ + 2(1 H + T)- 1 = {{(I H + T)/, (I H - T)f} , / G H} . 

Then M is m-sectorial linear relation, dom M = ran (Ih + T). The closed sectorial form 
M[r,u] generated by M can be described now explicitly. 

Proposition 2.2. The closed sectorial form associated with m-sectorial linear relation M is 
given by 

(2.6) M[u, v] = -(u,v) + 2 ((/ + iGYfilH + T r )-C\ (I h + Tr)- 1 /^) , 
for all u,veV[M]= ran (I H + Tr) 1 / 2 . 
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Proof. Let g = (I H + T)f, g' = (I H — T)f. Then {g,g'} G M. With u = g one gets 

= (g 1 ,g) = ((i H - T)f, (i H + T)f) 

= -((I H + T)f, (I H + T)f) + 2(/, (I H + T)f) 

=-\\u\\ 2 + 2((I H + T) 1 u,u) 

= -I |u| I 2 + 2({I h + Tr)- 1 / 2 ^ + iG)-\I H + T R )~V 2 u, u ) 

= -||w|| 2 + 2((/ + iG)-\I h + T r )-^u, (I h + T r )-V 2 u). 

It follows that the righthand side of (j2.6[i coincides with M[w,u] for u,v G domM. 

Let H 0 = ran (I H + T). Then ran (I H + T R ) l G is dense in H 0 . Denote 

T[u,v] = -IMl 2 + 2 ((/ + iG)-\I h + T R )~ l / 2 u , (I H + T R )~ l /\) , 

with u,v G ran (I R + T R ) 1 / 2 . Clearly, the form r is closed and sectorial (with a vertex at 
the point —1 at least). Let u = (Ih + T R y/ 2 h, h G H 0 , and choose a sequence {h n } C H 0 
such that lim (Ih + T R ) l / 2 h n — (I + iG)^ 1 h G Lfo- Then = (I R + T)h n G domM and 

n—> oo 

lim ¥>„ = (/ + T R ) l / 2 h = u. Moreover, 

n—>• oo 


r[ti - </? n ] 

= -||w - ^n|| 2 + 2 
= -||W - ^n|| 2 + 2 


((/ + iG)~\l H + Tr)- 1 / 2 ^ - <p n ), (I H + T r )~V 2 (u - ip n j) 

{(I + iG)~ l h - (I H + T R y/ 2 h n , h-(I + iG)(I h + T R y/ 2 h n )) . 


Hence lim r[w — </9 n ] = 0. This shows that the form r is the closure of the form (M-, •) and 

71—>• OO 

this completes the proof. □ 


2.2. Passive discrete-time systems and their 

be separable Hilbert spaces. A linear system r = | 
operators A, B , C, D of the form 


transfer functions. Let 9H, 91, and S) 
D C 1 ) 

g ; 9J1, 91, .f) > with bounded linear 


f cr k = Ch k + Df k , 

( k k ■ i Ah k T B£ k 


k G Nq, 


where {f k } C 9H, {ay} C 91, {h*,} C A is called a discrete time-invariant system. The 
Hilbert spaces 9H and 91 are called the input and the output spaces, respectively, and the 
Hilbert space A is called the state space. Associated with r is the block operator 


U 


D C 
B A 


Tl 91 

0^0 

A Sj 


If U is contractive, then the corresponding discrete-time system is said to be passive [16]. If 
U is unitary, then the system is called conservative. The transfer function 

0 r (A) := D + zC(1$ - zAy'B, z G D, 

of a passive system r belongs to the Schur class S (911,91) [16]. Recall that the Schur class 
S(9JI, 91) is the set of all holomorphic and contractive L(9H, 9l)-valued functions on the unit 
disk D = {z G C : |z| < 1}. 

Define the following subsets of the complex plane 

n+(a) := {z £ C : jzsina + * cosa| < 1}, n_(a) := {z G C : | z sin a — i cosa| < 1}, 

n(a) := n+(a) U n_(a). 

Then, in particular n(0) = C \ ((—oo, 1] U [1, +oo)) and C(a) = n + (a) D n_(a). 








COMPRESSED RESOLVENTS OF sc-EXTENSIONS WITH EXIT 


5 


Theorem 2.3. [6j. Suppose that 91 = DJt and that the operator 


U 


D C 
B A 


91 91 

© —>• © 


belongs to class CVte^(a) for some a £ [0,7r/2). Then the function @ T possesses the following 
properties: 

(1) O r is holomorphic in n(a); 

(2) there exist strong non-tangential limits 0 r (±l) and © T (±l) £ C<yi(a); 

(3) the implications 

z £ n+(a) ==>- ||0 T (z) sin a + icosa J^|| < 1, 
z £ II_(a) ==>- ||0 r (z) sin a — icosa J^|| < 1 


are valid. Therefore, z £ C(/3) ==>- 0 r (z) £ C<n(/3) for each f3 £ [a,7r/2). 

A particular case is self-adjoint passive system, i.e., the case when a = 0 

\ D C\ 

is a self-adjoint contraction in 91 © fj. 


the 


operator U = 


B A 


A more general class of passive systems is formed by passive quasi-selfadjoint systems 
(pgs-systems for short). The passive system 


T = 


D C 
B A 


; 91, %Sj 


is called a pqs -system if the operator U = 


D 

B 


C 

A 


is a quasi-selfadjoint contraction ( qsc- 


operator for short), i.e., U is a contraction and ran (U — U*) C 91 x {0}, cf. |llj . This last 
condition alone is equivalent to A = A* and C — B*; for contractivity of U see Theorem 12.41 
below. If r is a pgs-system, then the transfer function of r takes the form 


0 r (z) — W(z) + D, 


where the function W(z) belongs to the class N(91) of Herglotz-Nevanlinna functions and it 
is defined on the domain Ext {(—oo, —1] U [1, oo)}. The class S 9S (91) is the class of all transfer 
functions of pgs-systems r = {[/; 91, 91, fj}. A complete description of the class S 9S (91) is 
given in p]3]. Denote by S s (91) the subset of Herglotz-Nevanlinna functions from the class 
of S 9S (91). Clearly, 


0(z) £ S s (91) 


0(z) £ S^(91), 
0(0) = 0*(O) 


The following equivalent statements for L(91)-valued Herglotz-Nevanlinna function 0, holo¬ 
morphic in C\{(—oo, —1] U [1, oo)}, can be derived with the aid of the integral representation 
of 0; see also [33] Theorem 4.2]: 

(1) 0 £ S s (91); 

(2) O(x) is selfadjoint contraction for each x £ (—1,1); 

(3) 0 is the transfer function of a passive selfadjoint discrete-time system 


D B 
B* A 


; 91,91,ij 


T = 
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2.3. The Schur-Frobenius formula for the resolvent. Let 


U 


D C 
B A 


m m 

© —> © 

ft sj 


be a bounded block operator. Then an applications of the Schur-Frobenius formula gives 
the following formula for the resolvent Ru{ A) — (U — A/) -1 of U\ 


(2.7) R u ( A) 
where 


-K _1 (A) V~\X)CR a (X) 

R a (X)BV-\X ) R a {X)(I h -BV-\X)CR a {X)) ’ 


A G pifA) D p(A), 


(2.8) K(A) := Xlyi — D + CR a (X)B, X G p(A). 

Moreover, A G p(U) D p(A) K _1 (A) G L(9Jl). In particular, (12.7p and (12.8p imply 

(2.9) (PmRu( A) r 9^) _1 = D - CR A (X)B - XI m . 


2.4. Krein shorted operators. For every bounded nonnegative operator S in the Hilbert 
space T-L and every subspace 1C C "H M.G. Krein [29] defined the operator S/c by the relation 

Sjc = max { Z G L("H) : 0 < Z < S, ran Z C 1C}. 

An equivalent description is 

(2.10) (S K f,f)= inf {(S(f + <p), f + ip)}, fen , 


where K, 1 := H © 1C. The properties of S/c , have been studied by M.G. Krein and by other 
authors (see [7] and references therein): in [21 H] S/c is called a shorted operator. The following 
representation of S/c was also established in [29] : 

5 ^ = S^PnS 1 ' 2 , 

where Pq is the orthogonal projection in R onto Q = { / G ran S : S 1//2 / G 1C } = ran 5 © 
5 1//2 /CA Moreover, it was shown in [29] that 


(2.11) 

ran Sj/ 2 = ran (5 1//2 Pq) — 1C D ran 5 1 / 2 

Hence, 


(2.12) 

S/c = 0 <£=>■ ran5 1//2 fl 1C — {0}. 


As a bounded selfadjoint operator S admits the block operator representation 


5 


5n «Si2 

5*2 ^22 


K 1C 

© ->■ © . 
1C L 1C L 


It is well known (see [25l [33 . 42]) that the operator S is nonnegative if and only if 


S 22 > 0, ran5*2 C ran522 2 , 5n > \S 22 ^ 2 Sl 2 


^—1/2 o* 
°22 °12 


and the operator S/c can be expressed in the block operator form 


(2.13) 




5 


11 


o-l/2 

‘->22 0 


O—1/2 C 

0 2 2 O- 


12 
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where S 22 ^ 2 is the Moore-Penrose pseudo-inverse of S 22 . If S 22 G L(/(A) then 

[Sn — S 12 S 22 S{ 2 0 
5/c “ [ 0 0 

and <Si i — Si 2 S 22 S*[ 2 is called a Schur complement of S. From (12.131) it follows that 
Sk = 0 ran 5* 2 C ranS 22 /2 and Su = (s^ /2 S^j . 


2.5. Selfadjoint and quasi-selfadjoint contractive extensions of a nondensely de¬ 
fined Hermitian contraction. Let B be a closed nondensely defined Hermitian contrac¬ 
tion in the Hilbert space iy Denote 

fio dom B, 91 := f) © Ido- 

A description of all selfadjoint contractive extensions (sc-extensions [33J) of B in ij was given 
by M.G. Krein [20]. In fact, he showed that all sc-extensions of B form an operator interval 
[Bp,B M \, where the extensions Bf and B M can be characterized by 

(2.14) (I + Bp)^ — 0, (I — B M ) <n — 0, 

respectively. The operator B admits a unique sc-extension if and only if 

h)\ 2 

AoSbIIvIP-IIBvII 2 00 


for all h £ 91 \ {0}. 

The operator interval can be described as follows (cf. [29, 33]): 

(2.15) B = (B m + B»)/ 2 + (B m ~ Bpf 2 Y(B M - B,) 1/2 / 2, 

where Y = Y* is a contraction in the subspace ran (Bm — Bp) C 91. It follows from (12. 111) , 
for instance, that for every sc-extension B of B the following identities hold: 

(2.16) (/ — B)<ji = B m — B, (/ + H)ot = B — Bp , 
cf. [29]. Hence, according to (12.111) 

ran (/ — B) 1 ' 2 n 91 = ran (B M - H) 1 / 2 , 
ran (/ + B) 1 / 2 D 91 = ran (B - Bp) 1 / 2 . 


Let Pfj 0 and P<n be the orthogonal projections in onto f)o and 91, respectively. Then the 
operator B 0 = P^ 0 B is contractive and self-adjoint in the subspace f)o- Let Db 0 = (/ — Bq) 1 / 2 
be the defect operator determined by B 0 . The operator B 2 1 = P<nB is also contractive. 
Moreover, it follows from B*B < I that B 21 B 21 < D 2 Bq . Therefore, the identity 

KqD b J = P<nBf, f £ dom B = fj 0 , 

defines a contractive operator K 0 from ®b 0 ran (Db 0 ) into 91, cf. [23] 124] . This gives the 
following decomposition for the Hermitian contraction B 


(2.17) 


B — B 0 + K 0 Db 0 


B 0 

Aq d Bq 


■ Y)o Y)- 


An extension B of B in id is called quasi-selfadjoint if also B* is an extension of B and 
B is said to be a quasi-selfadjoint contractive extension of B ((/sc-extension for short) if 

dom B = id, ||H|| < 1, and ker(L> — B*) D dom£> = ido) cf- [Ml 15]. 

For a proof of the following result and some history behind the well-known formula therein; 
see P Theorem 9.2.3], [12] Theorem 4.1], [25; Corollary 3.5]. 
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Theorem 2.4. Let B be a Hermitian contraction in Sj = Sj 0 © O'! with doni-B 
decompose B as in (12.171) . Then the formula 


( 2 . 18 ) 


B 


Bq D Bo Kq 

K()Db 0 — KqBqKq + D k *XD k * 


ffi —)■ ffi 


Sj o and 


gives a one-to-one correspondence between all qsc-extensions B of the Hermitian contrac¬ 
tion B = B 0 + K 0 D Bo and all contractions X in the subspace T)k* '■= ran ( Dk* ) Q 9t. 
Furthermore, the following statements hold: 

(i) B has a unique sc-extension if and only if Kq is an isometry (T)k* = {0},),' 

(ii) ifDx* {0} , then the following equivalences hold 

ker D k * = {0} ker (B M ~ B,,) = Sj 0 S F nS K = S' 

(iii) ifDx* -f- {0} , then the following equivalences hold 

ran D K * = 01 « ran (B M - B„) = 01 S F + S K = S*. 

Moreover, B G C^(a), a G [0, 7t/2), if and only if X G C^ K ,(a). 

From (12.18j) it follows that 


(2.19) 
with X 


B,= 


B 0 

KqDb 0 


KqBqKq - D 


k* 


B m — 


Bo 

k 0 d Bo 


—KqBqKq + D* 


—I\ i S)k$ and X = I\Dk*, respectively. From (12. 19jl it is seen that 


B b + Bm 

Bo 

Db 0 Kq 

Bm ~ B t , 

"0 

0 

2 

HqDbo 

-K 0 B 0 K*\ 

’ 2 

0 

D \* 

^0 J 


Finally, we mention the following implications 


( 2 . 20 ) 


X G L((Da'*), | \X sin a + i cos a\\ < 1 \\B sin a + i cosa|| < 1, 

X G L (Dk*), H-X" sin a; — zcosa|| < 1 =>■ || B sin a; — zcosa|| < 1, 


where B is given by (12.181) . 


Remark 2.5. Let X be a self adjoint contraction in the Hilbert space H\@H 2 . From Theorem 


2.4 one can derive the following two block representations for X: 


X 


Xn Dx xl L* 

LD Xll —LXnL* + D l *YD l * 


-UX 22 U* + Du*VDu* UDx 22 
Dx 22 U* X-22 


Hi Hi 

ffi —y ffi , 

U 2 U 2 


where L G H 2 ) and U G L(®x 22 ,Hi) are contractions and Y G L and V G 

L(2V*) are self adjoint contractions. From (12.14)1 . (12.161) . and (12.191) we get 


(/ + X) H2 = D l * (/ + Y)D l .P H2 , (/ - X) H2 = D L .(I - Y)D L .P H2 , 

{I + X) Ul = D u .(I + V)D u .P Ul , (I-X) Ul =D u .(I~V)D u .P Ul , 

1-UXuU* UD\ 22 


(I - X) Hl = (I + X) Hl = 0 


UU* = L 


Hi 


X = 


B>X 22 U* 


X. 


22 
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(/ - X) n2 = (/ + X) n2 = 0 « LL* = I Ha =► X = 

In addition, for the defect operators the following identities hold (cf. 

D x 

\' L2 J 

" ^ /r 'X 22 fi 2 


D Xll L* 

-LX U L* 


X n 
LD Xll 

Theorem 4.1]j: 


— || D l ( D Xll h\ — X u L*h 2 ) — L*YDi*h2\\~' + \\Dy D L*li2\\^ 


— ||Du (D X22 li2 — X 22 U*hfj — U*VDu*hi\f + \\DyDu*h\\ 2 


2.6. Special pairs of selfadjoint contractive extensions and corresponding Q- func¬ 
tions. The so-called Q M and QM-functions of a Hermitian contraction B of the form 

qm = fa +( b m - b,) i/2 (b,, - ch r 1 (b m - ^) 1/2 ) 

Qm(0 = (-/* + (Bm - B,y/ 2 (B m - fl^ 1 (B M - B^ 2 ) (01, £ G C \ [-1,1], 

were introduced and studied in [33]. These functions belong to the Herglotz-Nevanlinna class 
and they are connected to each other via 

Q,(0Qm(0 = -^ £eC\[-i,i]. 

They possess the following further properties: 

s - lim Q M (0 = /; lim(Q M (£)/i, h) = + 00 V /1 G 91 \ {0}; s - limQ M (£) = 0; 
ft —1 

s - lim Q m (0 = li m(Q M (£)h, h) = - 00 V /1 G 91 \ {0}; s - lim Qm(0 = 0. 

00 ai ct—1 

The following resolvent formula has been established in [33] . 

Theorem 2.6. Let C = Bm — Bf. The formula 

k = (b, -or 1 - (b„ - or'c^Kr) </+(<?„(£) - i)K(or' c 1/2 (b„ -or 1 

gives a bijective correspondence between the generalized resolvents R% = P^(B — £/)~ 1 |'f) of 

sc-extensions B of B with exit and the \j(2fl)-valued operator functions K(f) holomorphic 
on Ext [—1,1] and possessing the following two further properties: 

1) —K(f) is a Herglotz-Nevanlinna function, 

2) A'(0 is a nonnegative selfadjoint contraction for every (eR \ [—1,1]. 

Here canonical resolvents correspond to constant functions K(f) = K and vice versa. 


A further study of functions of Krein-Ovcharenko type was initiated in |10J. Given an 

arbitrary pair {Bq,B{\ of sc-extensions of B in Sj satisfying the condition Bq < B\, define 
a pair of Herglotz-Nevanlinna functions via 


( 2 . 21 ) 


4(0 = (Bi - B 0 y/ 2 (B 0 - - -B 0 ) 1/2 + I 


% 


( 2 . 22 ) 


4(0 = [(4 - b 0 ) 1/2 (B! - OO" 1 ^! - B 0 ) 1/2 ~ A (91, £ G Ext [-1,1], 


It is easy to verify that Qo(OQi(0 = Qi(OQo(0 — ~I<n, £ £ Ext [—1,1]. Now proceed by 
introducing the classes of Krein-Ovcharenko type Herglotz-Nevanlinna functions. 


Definition 2.7. [TO]. Let 91 be a Hilbert space. An L(91) -valued function Q(f) is said to be¬ 
long to the subclass © M (91) (respectively, ©m(91)) of Herglotz-Nevanlinna operator functions 
if it is holomorphic on Ext [—1,1] and, in addition, has the following properties: 

1) s — lim Q( 0 = I (respectively, s — lim Q(f) = —I); 

£—>■00 £—^OO 

2) lim ( Q(f)h , h) = +00 for all h G 91 \ {0} (respectively, s — lim Q(f) = 0 ); 

ft-i et-i 
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3) s — limQ(£) = 0 (respectively, lim (Q(£)h,h) = —oo for all /i G 91 \ {0}J. 

£4n £4n 

The function Q M belongs (5 M (91) while Qm is of the class ©a/( 91). It is stated in [33] that 
if the function Q belongs to © M (91) (respectively, Q G ©m(91)), then it is a Q^-function 
(respectively, QM-function) of some nondensely dehned Hermitian contraction B. However, 
it is shown in urn that this statements is true only when dim 91 < oo. 

Theorem 2.8. [ID] . Assume that Q G © M (91) (Q G &m( 91) Then there exist a Hilbert 
space ij containing 91 as a subspace, a Hermitian contraction B in S) defined on dom B = 
f)©91, and a pair {B 0 , Bi} of sc-extensions of B, satisfying B 0 < B 1} ker(H 1 — B 0 ) = dom B, 
such that Q(£fi admits the representation in the form 02.211) (in the form 02.22p . respectively). 
Moreover, the pair {B 0 , B{\ possesses the following properties 

(2.23) ran ( B x — Bf) 1 ^ 2 fl ran (B 0 — Bfi) 1 ^ 2 = ran {B x — Bfi) 1 ^ 2 D ran (B M — Bi ) 1 ^ 2 = {0}, 
//dim91 < oo, then necessarily B 0 = B M and Bi = Bm- 

In particular, in the case that dim 91 = oo ra (see also m contains a construction of 
pairs {B 0l Bi} of sc-extensions which differ from and satisfy the conditions in 

(I2.23P : in other words, the corresponding Q-functions given by 02.211) and 02.221) belong to 
(5^(91) and ©m(91), respectively, but they do not coincide with the Q and Qm- functions 
of B. 

To finish this section the following simple observation is mentioned: if V is an isometry 
in 91 and B 0 < B\ are sc-extensions, then the operator-valued functions 

Q 0 (O := fin + V(B X - B 0 )V 2 (b q - [B\ - R 0 ) 1/2 ^*) [91, 

Qi(0 := [~hx + V(B! - Bo) 1 ' 2 (b, - (B { - B^V^j [91, £ G Ext [-1,1] 

belong to the Herglotz-Nevanlinna class and Q/ 1 (^) = — Qo(0; £ £ Ext [—1,1]. 

Remark 2.9. If F and G are bounded nonnegative selfadjoint operators, then the parallel 
sum F : G can be defined h, m ■ The conditions F : G = 0 and ran F 1 ^ 2 fl ran G 1 ? 2 = {0} 
are equivalent. 


3. Selfadjoint contractive extensions of nondensely defined Hermitian 

CONTRACTIONS WITH EXIT 


Let B be a nondensely dehned Hermitian contraction in the Hilbert space ij and let H 
be an auxiliary Hilbert space. If B is given by (12.171) . then all gsc-extensions of B in the 
extended Hilbert space ij © H can be described as follows. Let 

let jpi be the canonical embedding operator 91 —> TL, and define K 0 = j-jqKo- Then 



D 


KX 


0 

In 


91 91 

0^0 

H H 


Clearly, = ® K * 0 H. C 7T In what follows we identify B with its image in J^o © 'hi. By 
Theorem 12.41 a gsc-extension B of B in Sj © T~i with respect to the decomposition S) © T~i — 
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f)o © 'H takes the block form 
B = B X = 


DbqKq 


^Bo 

KqB>b 0 —K 0 B 0 Kq + D ^.X D 


K* 


^0 ^0 

© ^ © 

H H 


where X : -> 0?, is a contraction. Let 

^0 IX 0 


(3.1) 


X = 


x n x 12 

X'2 1 A 22 


D/ 


U 


D 


KX 


->■ 


U 


be the block representation of the operator A". Then 

(3.2) B = 


Let /C be a Hilbert space. Associate with any selfadjoint contraction 

K K. 


B 0 

Db 0 K*o 

0 

?)0 

© 

L)o 

© 

KoDb 0 

—KoBqKq + D k *XxxD k * 

Dk*X\2 

: 01 

-)• 01 

0 

X 2 x Dk* 

x 22 

© 

© 



n 

n 


X = 


X n X 12 
X* 2 X 22 


© —> © 

n n 


two further selfadjoint contractions in /C via 

(3.3) Z 0 := ((/ + X) K -I)\K = X u ~ ((/ + X 22 ) ( “ 1/2) X* 2 )* (/ + X 22 )^X* 12 , 

:= (/-(/- X) K ) \K = Xu + ((/ - X 22 ) ( - 1/2) X 1 * 2 )* (/ - X 22 ) (_1/2) A7 2 . 
By Remark 12.51 selfadjoint contractions X in /C © "H are of the form 

K X 

_ II X _//'■' _ 1 _ I \/ I I... II / J ,, 

(3.4) 


X = 


-UX 22 U* + Du*VDu* UDx 22 
Dx 22 U* X 22 


© ->■ © 

n n 


where A" 22 G L {%), U G L(Dx 22 ,/C), V G L(D( 7 *) are contractions, and A" 22 and V are 
selfadjoint. Then from (j3.3[) and (13.41) one obtains 


UU* = \{Zi- Z 0 ), Du*VDu* = i(Zi + Z 0 ). 


Z 0 = Du*VDu* — UU* : Z x = Du*VDu* + UU*. 

Hence, 

(3.5) 

Then clearly Z {) < Z\ and, moreover, 

(3.6) ker (Z x — Z 0 ) = {0} ker A"j* 2 = {0}. 

With /C = £>k* as above, Z 0 and Z\ determine two sc-extensions B 0 and Bi of B in i): 

B 0 

KqDb 0 


(3.7) 

(3.8) 


B„ := 


Dp., K„ 

-KqBqKq + DxiZoD] 


Bx := 


BbqBq 


Bo 

KoDbq —BqBoKq + Dk*ZxDk* 


— B^ + D k * (I + Z 0 )D k ■*, 
= B m — D k * (I — Zx)D k 
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From definitions and Remark 12.51 we get 

(/ + B 0 )<n = D K *P<yi(I + X)® K ,D K *P<n, (/ — Bi)<n = D K *P<yi(I — X)^ k ,D k *P^. 

Proposition 3.1. Let Z 0 and Z\ be two self adjoint contractions in a Hilbert space 1C, such 
that Zq < Z\. If the Hilbert space H satisfies dim H > dim ran [Z\ — Z 0 ), then all self- 
adjoint contractions X in 1C © H possessing the properties ((/ + X) x — I) \ 1 C = Z$ and 
(/—(/ — X)x) \ 1C = Zi are given by the formula 


X = 


Zx+Zp 

2 


Zi-Z 0 

2 


1/2 


v*x 22 v 


Dx 22 V 


Zi—Zq 


1/2 


Zx-Zp 

2 


1/2 


Zi-Z 0 

2 


1/2 


V*D 


A'22 


X. 


22 


1C K 

© —)• © 

H H 


where X 22 is an arbitrary selfadjoint contraction in H and V is an arbitrary isometry from 
ran ( Z\ — Z 0 ) into 1D X22 . I' n particular, if Zq = —I x and Z\ = Ijc, then 

1C 1C 


X = 


-V*X 22 V V*D X22 
D X22 V X 22 


© ->■ © 

n n 


where V is an arbitrary isometry from 1C into T>x 22 - 

Proof. Conclusions in the proposition follow from relations (13. 3p . (I3.4[l . and (13.5^ . □ 

The next result clarifies the definitions of Bq and B\ in (13 .7 jl . (13. 8 p by establishing an exit 
space version for the identities in (12. lfj[) . 

Theorem 3.2. Assume that = 01, let X = (X^)? - =1 be a selfadjoint contraction in 
01©H as in (ED. and let 

n _ Bq D Bq K* 

x [K 0 D Bo -K 0 B 0 K * + D k .XD k . 

Then B 0 and Bi defined in (13.7p and (13.8p satisfy the relations 
(3.9) B 0 = B^ + (/ + Bx'j^ t-Q, Bi = B m — — B x ^j ^ \Sj. 

Proof. Let B M := B^P^ © (—P B ), Bm BmP b © Pu- Then it follows from (12. 19p that 

B x = B tl + DftJJ + X)D^ — B m — ~ X ) D k*- 

Moreover, using (I2.10p and (12. 14p it is seen that for all / e Sj © TL 


© -> © . 

H H 


I + B 


x 


01 


/, / ) = inf 

/o £ £0 
heH 


I + B x ) (/ + /o + h), f + /o + h 


— inf ((-f + Bff) (/ + /o), f + fo) + inf ((I + A") Dgjf + h), Dgjf + h)) 
fo^fio hew \ 0 0 / 

= mf ((/ + X) Dg.(f + h),Dg .(/ + h )) = ((/ + A')„ D k .PM, D k .PM) ■ 

In view of (13.3p (I + X)<yi = I + Z 0 which combined with the identity (13.71) leads to 

Dk*{I + Zq)Dk* = B 0 — B^. 
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This proves the first identity in (j3.9[i . The second identity in (13. 9 p is proved similarly. □ 

It is also useful to describe shortenings of / ± B x to the exit space 71. 

Theorem 3.3. Let X = (X U ) ? 2 J=1 be a selfadjoint contraction in ®k* ©71 as in (13. ip and 
let 

Bq ^ D Bo Kq 
LqDb 0 —KqBqKq + D^XDj 


B x = 


K* 


f)0 

£>o 

© 

-> © 

H 

n 


Then 
(3.10) 

Proof. Rewrite B x as in (13. 2j) : 


(I±B x ) n \'H = (I±X) H \n. 


Bo 

Db o K* 0 

0 

T>o 

© 

^0 

© 

BoD b 0 

—KqBqKq + D K *X n D K * 

Dk*X\2 

: 91 

-> 91 

0 

X 12 D K* 

x 22 

© 

© 



n 

n 


B x = 


Let X be the Hermitian contraction determined by the first column of X , 


X = 


X u 

X 


12 


D 


K* 




n 


Then one can consider X as an sc-extension of X. Analogously, define the Hermitian con¬ 
traction Bx by 


Bx = 


Bo 

BoDb q 

0 


Db 0 K * 0 

-KqBqKq + D k*XhD k* 
X* 12 D K5 



#0 

i9o 

© 

© ->• 

91 

91 

© 



: ® iC * © 

71 


of Bx in the Hilbert space Sj © 71 = Sj 0 © 91 © 71 . It is evident that 

B x D B x *=* X D X. 

All sc-extensions of X form the operator interval [( X ) M , {X)m\- On the other hand, the form 
of B x shows that 

X\ < X 2 B x i < ]j X - 2 ■ 

Hence, 

A' e [(4,W»h B x e [B {x)r ,B {x)M }. 

On the other hand, every sc-extension B of B in T) © TL is of the form B x , where X is a 
selfadjoint contraction in Qk* ©71; see (13.11) . (13.2p . It follows that if B is an sc-extension of 

Bx , then B is also an sc-extension of B (c Bx ), he., B = B x , where X is the sc-extension 
of X . Hence, 

B x £ [( Bx)f_i , ( Bx)m} =>• X e [(X)^, (X) M \. 

One concludes that 

(3.11) {B x )^ = (B x )m = B(x) m . 
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Since for all Xi,X 2 G [(<T) M , {X)m\ one has 

(b Xi - d x ^ \u = (x 1 -x 2 )\n, 

the equalities (12. 16jl applied to / ± B x and (/ ± X) yield (13.10p in view of (13.111) . □ 

Corollary 3.4. The following statements are equivalent: 

(i) (/ + B x )u = 0 and (/ — B x )u = 0,- 

(ii) [i + X) n = 0 and (/ - X) H = 0; 

(iii) B x is a unique sc-extension of Hermitian contraction B x ; 

(iv) X is a unique sc-extension of Hermitian contraction X. 

Theorem 13.31 and Corollary 13.41 have important implications on the contractions Z 0 , Z\. 
therefore, also on the sc-extensions Bq, B\ of B in the original Hilbert space iy 

Theorem 3.5. Let 


X X 

0^0 

H H 

be a selfadjoint contraction. Suppose that 

(3.12) (I-X) n = (I + X) n = 0, 


X = 


X n X 


12 


X { 2 x 22 


(3.13) ||X 22 || < 1. 

Let the selfadjoint contractions Z 0 and Z\ in /C be defined by (13.31) . Then 

( , ran (Z l - Z 0 ) 1/2 D ran (/ + Z 0 ) 1/2 = {0}, 

J ran(Zi - Z 0 ) 1/2 fl ran (/ — Zi) 1/2 = {o}. 


Proof. By (13.3p we have 

Ik + Z 0 = (/ + X) K \K, I K -Z X = (I- X) K \ X. 
Due to the assumption (13.12[) . the operator X takes the form 


X 


Xu D Xll L* 
LDx n —LXuL* 


X X 

n n 


where LIZ = I- H \ see Remark 12.51 On the other hand, X 12 = D Xll L* = UD X22 for a 
contraction U G L (D X22 , X). From the assumption (13.131) it follows that D X22 has a bounded 
inverse. Hence U = D Xll L*Djf 2 and 

ran U = D Xll r&nL*. 

Furthermore, since Z\ — Z 0 — 2(7(7*, see (13.51) . one obtains 

ran (Z 1 — Zf) 1 ^ 2 = ran (7 = D Xll r&nL*. 

On the other hand, from the formula for X above it is clear that 

(I±Xu) 1/2 V 

L(I Tl u ) 1/2 ' 


I ±X = 


(I ± Xu ) 1 ' 2 
L(I T X n ) 1/2 




























COMPRESSED RESOLVENTS OF sc-EXTENSIONS WITH EXIT 


15 


This gives a description of ran (/ ± X) 1 / 2 and now an application of (12. lip leads to 

ran(/ + Z 0 ) 1/2 = (/ + X n ) 1/2 (J - X n )" 1/2 ker L, 

ran (/ - Zf) 1 ' 2 = (/ - X n ) 1/2 (J + X n )" 1/2 ker L. 

Since ranL* _L kerL, one concludes that 

(/ - Xn) 1/2 ran L* D (I — X n )- 1/2 ker L = { 0}, 

(/ + Xn) 1/2 ranL* n (/ + Xu)" 1 / 2 ker L = {0}. 

This implies the equalities (13. 14(1 . □ 

Observe that if B is a Hermitian contraction in Sj. if Z 0 and Z\ are selfadjoint contractions 
in 94(= f) © domH) satisfying ( 13.141) . and if the sc-extensions B 0 and B\ of B are given by 


B< 


Bo D Bo K* 

KqD Bo —K 0 B 0 Kq + D k *Z 3 D k * 


3 = 0,1, 


then the pair {B 0 , B{\ possesses the properties in (I2.23p . If Qr* 
then ker(5i — Bf) = domH. We also note that if 


X 


0 V* 
V 0 


X X 

© —y © , 

n n 


94 and ker(Z 1 — Z 0 ) 


W, 


where V is an isometry from X into B, then (/ ± X)/c = 0 and Zo = — Ir, Z\ = Ir. On the 
other hand, (/ ± X) B = I — VV* and hence (/ ± X) B = 0 if and only if V is unitary, i.e., 
ranV = B. Therefore, it is possible that (13.131) and (13 . 14j) are satisfied, while (13 .1 2j) fails to 
hold. ^ ^ 

The next result completes the role of exit space extensions in the study of pairs {Bo, B i} 
of sc-extensions of B in the original Hilbert space Sj whose Q-functions belong to the classes 
(5^(94) and &m (94); see Definition 12.71 and Theorem 12.81 

Theorem 3.6. 1) Let dimX = 011111?/ = oo. Then there exists a selfadjoint contractive block 
operator 


X X 

© ^ © 

B B 

satisfying the conditions (I3.12p . (I3.13p . and the additional conditions 

(3.15) kerX* 2 = {0}, 

Zo ~f~ —Ik., Z\ ^ B, ker(Zi — Z 0 ) = {0}, 

where Z 0 and Z x are as in (I3.3jl . i.e., Z Q = ((/ + A")ye — I) (X, Zi = (/ — (/ — A")ye) f X. 

2) Let dimX = oo and suppose that Zq and Z 1? Z 0 < Zi, are two selfadjoint contractions 
in X which satisfy the conditions (I3.14p and the condition 

(3.16) ker(Zi — Z 0 ) = {0}. 

Then there exists a selfadjoint contractive block operator X in the Hilbert space X © B, 
dim7-/ = dimX, such that 

(I±X) n = 0, | |x 22 11 < 1, 

and Zo = ((/ + X) K - I) \ X, Z x = (/ - (/ - X) K ) (X. 


X = 


Adi X 


12 


X* 2 X 2 2 
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Proof. 1) We give a construction of a required A" in two steps. 

Step 1. In /C choose an infinite dimensional subspace Qq with an infinite dimensional 
orthogonal complement Mo = /C © D 0 . In this step we construct a special selfadjoint con¬ 
traction An in /C = D 0 © 9Ko- 

Let A be a selfadjoint operator in Do such that ||M|| < 1. Then choose a contraction 
M G L(D 0 ,9Ho) such that ker Dm* = {0} and ran Dm* Mo, he., ||A1/|| < ||/|| (<S4> 
ker D m = {0}) for all / G O 0 \ {0}, while ||.M|| = 1; cf. (12.3p . Moreover, let £ 0 be a 
subspace in DJc 0 such that 

(3.17) £ 0 riranZl^. = {0} and £q fl ran D M , = {0}; 
cf. [Tl], Next define the selfadjoint and unitary operator J 0 in 9Jt 0 by 

(3.18) Jo = 2 Pz 0 ~ hjt 0 - 
Due to (13.17P Jo satisfies 


(3.19) Man Dm* fl ran Dm* = {0}. 

Now, introduce 


X n = 


A D A M* 

MD a — MAM* + D m* JqD m* 


We claim that An satisfies the equalities 

(3.20) ker D Xll = {0} 
and 

(3.21) ran D Xll n M 0 = {0}. 


Do Do 

® ->• ® 

M 0 Mo 


Since Jo in (13.181) is unitary, Dj 0 


0 and hence Remark 12.51 shows that for all a = 


h 

9 


(3.22) ||DA' n a || 2 — || Dm ( D A h — AM*g ) — M* JoDm*9\\ 2 ■ 

Hence, if H-DxnCill 2 = 0 then it follows from (j2.2[) that there exists x G such that 
D A h — AM* g = M*x and JqDm*9 — Dm*x G ker M* C ran Dm*- Now (13.191) gives 
JqDm*9 — 0 and, hence, g = 0 and h = 0, since also ker D A = 0. So (I3.20p holds true. 

On the other hand, by applying ( 12 . 101 ) to (13.221) it is seen that (d 2 Yu ), = 0, and hence 

(I3.2ip is obtained from (12.121) . Furthermore, an application of Remark 12.51 shows that when 
£o 7 ~ { 0 } 7 ^ £q then, equivalently, 

(3-23) (/ + An)^ 7 ^ 0, (J — An)^ 7 ^ 0. 

Step 2. Let PL be an infinite-dimensional Hilbert space, let L* be an isometry from PL into 
/C such that ranL* = D 0 , and define 


A 


A n 

LD Xll 


D Xu L* 

-LX U L* 


JC JC 

ffi ffi 

PL PL 


It follows from ranL* = D 0 that X 22 = —LPq 0 AL* and thus 11A 22 11 < 1 by the choice of A. 
Since kerL = 9Jto, the equalities (I3.20p . (13.211) yield ker LD Xll = {0}. Therefore, 

(/± X) H = 0, ||X 22 || < 1, ker X* 2 = {0}, ker A 12 = {0}, 
where the first equality holds by Remark 12.51 By applying Theorem 13.51 one concludes 
that Z 0 and Z\ have properties (13.141) . Moreover, from (I3.23p it follows that Zq 7 ^ —Ik., 
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Z\ ^ Ijc. Thus, relations in ( 13.1 2 [) . (13.13ft . (13. 15H are valid for A". Finally, the condition 
ker(Zi — Zq) = {0} is obtained from (13. 15j) and (13.61) . 

2) Define A" by 


X 


Zi+Zq 


Zi-Z 0 

2 



0 


A A 

© — y © , 

n n 


whe re V : H —> A is unitary. Clearly, A" is a selfadjoint contraction in "H © A; cf. Theorem 
12.41 Proposition 13.11 Next observe that 


and 


I + x = 

{I + Zo) 1 ' 2 

to 1 

* 

_1 

\(I + Zo) 1/2 ( 2l ~ 2o ) 1/2 V*] 


0 

I 

0 

I 

-x= [< J 

-A 1/2 - 

(z,-z„) 1/2 v ,j 

(J-Zo) 1 / 2 ) 1/2 V 


0 

/ 

0 

I 


These two formulas give descriptions for ran (/ + A") 1 / 2 and ran (/ —A) 1//2 , respectively. Now 
using the assumptions (13. 14ft and (13. 16jl one concludes that 


ran (/ ± A) 1 / 2 n ({0} © U) = {0}. 

According to (12.111) this means that (I ± X)u — 0. 

Finally, the eq uali ties Z 0 = ((/ + A ')% — I) \ A and Z\ = (/ — (/ — X)*;) |~ A are clear 
from Proposition 13.11 □ 


In particular, Theorem 13.61 contains an improvement of Theorem 12.81 given any Hermitian 
contraction B in Sj with dim 01 = dim (f) © domR) = oo it enables to construct pairs 

{Bo, Bij of sc-extensions of B in f), which differ from the pair {B^,Bm} and satisfy the 
conditions (12.231) . directly from one exit space extension B\ of B via the formulas ( 13.21 ) 

(13.81) . Furthermore, all the key properties of {Bo, B{\ are expressed in simple terms and the 
choice of appropriate parameters X is specified explicitly. 


4. Compressed resolvents 

Let B be Hermitian contraction in Sj and let B be a gsc-extension of B in the Hilbert space 
Sj © %. Recall that then B = B\ can be rewritten in the form (13.2[) for some contractive 
block operator X of the form (13.11) . To formulate the next result it is useful to associate 
with X the operator function 

(4.1) * x (z) = X u + zX 12 {I - zX 22 )~ 1 X 21 , |z| < 1. 

If, in addition, X 22 is selfadjoint, then < I ) x(^) admits a holomorphic continuation to all points 
z G C \ {(—oo, —1] U [1, +oo)}. Observe, that d > x(^) can be also interpreted as the transfer 
function of the passive system 


a = 


Xu X 12 

X 2 i x 22 


; 0^.3 k* , B 


see Section [2T2l In particular, <Px(£) is contractive on the unit disk D. 
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Theorem 4.1. Let B be Hermitian contraction in $j, let B = B x be a qsc-extension of B 
in S) ®TL rewritten in the form with X given by (13. ip . and let be as in (14.11) . 

Psi(zB - I)~ l \ ft = [zB x {z) - 4) , \z\ < 1, 

B x {z) = + B m ) + i (. B m - ByP^xiz^Bu - 4J 1/2 

Bq d Bo k* 

K 0 Db 0 -K 0 B 0 K* + Dk*$x(z)Dk* 

With z fixed, the operator B x {z ) is a qsc-extension of B in the Hilbert space S). 
Furthermore, if B e then $x(^) and B x (z) can be defined for z 6 11(a) and 

(1) the implications 

B x (z) sin/3 + icos/3|| < 1, 

B x (z) sin (3 — i cos f3\\ < 1, 

are valid, therefore 

z e C(P) => B x (z) e C^py, 

(2) there exist strong limits 

$x(±l) G Cv K . (a), B x (± 1) e Csj(ae). 

In particular, for a = 0 the operator functions 4>x(^) and B x {z) are defined for z G 
C \ {(—oo, —1] U [1, +oo)} and 4> A -(±1) are selfadjoint contractions given by 

(4.4) $ X (-1) = Z 0 , $ X (1) = Z 1 , 

where Z 0 and Z\ are as in (I3.3p . and the sc-extensions Bx{— 1) and B x (+ 1) of B in fj 
coincide with B 0 and Bi in (13.71) and (13.8f) . respectively. 

Proof Since ||4>(^)|| < 1, the operator B\(z) in (14.31) is a gsc-extension of B for each z, 
\z\ < 1; see Theorem 12.41 Using (12.91) and (13.21) we get for |A| > 1 


j z e n+(/3), z ± ±i, 

1 ^ G [a, 7 t/2) 

\ z e n_(/3), 2 ^ ±i, 

\ P e [a, 7 t/2) 


Then 

(4.2) 
where 

(4.3) 


A)- 1 \S?) = 


r 1 - 

Bo 

Db 0 K* 

j - 

BoD B 0 

"-KqBqKq + d k *x u d k * 


XT. 


0 

d k *x. 


B n 


(X 2 2 — A) 1 [0 A2i D K *\ 

d Bo k * 


- XIf 


K 0 D Bo —KqBqKq + D k * (X u - X 12 (X 22 - A)~ 1 X 21 ) D K * ^ 
Consequently, with \z\ < 1 this leads to 


pyzB-iyyi , 


r 1 - - 

B 0 

D Bq Ko 

) - z 

BoD B 0 

—BoBqBq + D k *$ x (z)D k * 


-h 


= zB x (z) 


and this proves (14.21) . 
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Suppose that B G C^n( a )- Then A" G ®u{ a ) by Theorem 12.41 and this implies that 
X G C® Kt ®n(l3) for (3 G [a, 7 r/ 2 ). Theorem 12.31 combined with (12. 20j) shows that 

f 2 e n+(/3), 

< z 7 ^ ±1, =>■ ||<I>x(z) sin/3 + i cos/3|| < 1 ==>• H-By^) sin/3 + i cos/3|| < 1, 

[ P e [«,7 t/2) 

f * e n_(/3), 

< 2 ^ ±1, =>- ||<I>x(z) sin/3 — icos/3|| < 1 => \\B x (z) sin/3 — icos/3|| < 1. 

{ (3 e [a, 7 t/2) 

Moreover, according to Theorem 12.31 the strong limit values 4>x(±l) exist and in view of 
(14.311 Bx{± 1) exist, too, and they satisfy the inclusions in (2). For a = 0 the equalities in 
ill. 1 ll can be obtained directly from the formulas in (13. 3ft and (14.11) . Finally, by comparing 

(13. 7|) . (USD and (j4.3[) one concludes that B x (— 1) = B 0 and B x (+ 1) = B]_. □ 


Let A" and B x be given by (13.11) and (j3.2[) . Define the operator C in Sj — Sj 0 © 01 by 
(4.5) C = 


Bo D Bo Kq 

Kq D Bq —KqBoKq + D k *X u D k * 


Flo 

© —> © 

01 01 


and let M : H —* Sj and its adjoint M* : S) —> H be given by 


M = 


0 

D k *X, 


fio _ F)o 

: U -> © , M* =[0 X* 2 D k *\ : © -G H. 

01 01 


Let the operator B = B x be given by (13.2ft . We rewrite it in the form 

B x = 


£ M 

M* X 22 


3 Fi 

© ->• © 

n n 


Consider a passive pgs-system T x = j B X ] Sj, Sj,T-L j with the state space T~L and the input- 
output space fj; see Subsection 12.21 The transfer function of Tx is given by 


C + zM{I - 

zx 22 y x M * 


Bo 

1 

cq 

Q 


KoDbq 

—KqBoKq + Dk*XuDk* 


Bo 

Db 0 K £ 


TqDb 0 

—KqBqKq + Dk*$ x (z)Dk 


0 

Dk*X 12 


(/ - zXn)- 1 [0 


X* V2 Dr-, 


„•] 


Comparing this with (|4.3[) it is seen that the transfer function of T x is in fact B x (z). 

Now consider the passive selfadjoint discrete-time system T, x = j. B X ;'H,'H ,F)j with the 

state space F) and the input-output space %. The transfer function 0 of the system is 
given by 


(4.6) 0(z) = X 22 + zl\T(T - zC)~ l M = X 22 + zX* 2 D KS P m (T - zC)- l D K *X l2 . 
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The function Qq(X) = P<n(C — A If,) 1 ( 91, A G p(C) is called the Q-function [HJ of C. 
Hence, 

O(z) = X 22 - X* 12 D K5 Q 5 (1/z)D K5 X 12 , 1/z G p(C). 

The transfer function 0 possesses the following properties (see Subsection 12.21) : 

(1) 0 belongs to Herglotz-Nevanlinna class for z G C \ ((—oo, —1] U [1, +oo)), 

(2) 0 is a contraction for z G © = {z G C : \z\ < 1}, 

(3) 0 has strong limit values 0(±1), 

(4) if j3 G [0, 7t/ 2), then 


(4.7) 


J | ,27 sin + z cos /31 < 1 
1 z 7^ ±1 
J |zsin/3 — z cos1 < 1 

\ ±1 


||@(z) sin (3 + i cos /3 Iu\\u < 1, 
||0(z) sin (3 — i cos (3 In\\ H < 1. 


Furthermore, it follows from Theorem 13.31 and the formula (14.6ft that 


0(-l) = (/ + B x )n\H-I u = (I + X) n \H-In , 

0(1) =I H -(I- B x )n f n = In-(I-X)n\n. 

Using the Schur-Frobenius formula (12.71) one gets the following analog of Theorem 14.11 
Corollary 4.2. The relation 

Pn{zB x - J )" 1 \H = (zQ(z) - I)-\ zeC\ {(-oo, -1] U [1, +oo)} 

is valid. 


In the next theorem we show that a simple Hermitian contraction B and its sc-extension 
B can be recovered up to the unitary equivalence by means of B(z) or 0(z). 

Theorem 4.3. 1) Let S) be a Hilbert space and let the Herglotz-Nevanlinna function B(z) be 
from the class S S (S 3). Then there exist a Hermitian contraction B in S) and its sc-extension 
B in the Hilbert space S) 0 TL such that 

Pfi(zB — J) -1 r Sj — (zB(z) — I) -1 - 

2) Let TL be a Hilbert space and let the Herglotz-Nevanlinna function O(z) be from the class 
S S (TL). Then there exist a Hilbert space $), a simple Hermitian contraction B in S) and its 
sc-extension B in the Hilbert space ®TL such that 

P n (zB-I)- 1 \H = (zG(z)-I)- 1 . 

Proof. 1) It is well known that the function B(z) can be realized as the transfer function of 
a minimal passive selfadjoint system 


with input-output space T> and the state space TL. Here the operator 


£ M 

M* Y 


, T), i), TL 


B 


£ M 
M* Y 


ft ft 

© —> © 

H H 
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is a selfadjoint contraction, span j Y n M*S) : n 6 N 0 | = H, and 

B(z) = C + zM(I - zY)~ l M*. 

The minimal system T is determined by B(z) uniquely up to unitary equivalence (see 
For the derivative B'{ 0) one has B\ 0) = MM*. Now introduce 

ij 0 := ker lT(0) = kerM*, B:=C\$) 0 . 

Then B is a Hermitian contraction, C is an sc-extension of B in id, and B is an sc-extension 
of B in Sj © Ti. Notice, that B is nondensely defined precisely when 


ido^id 

Therefore, one can write (cf. (12.15)1 ) 


M ± 0 


n + {o}. 


c = 1 -{B m + Bp) + X -{B m - B^XniBu - B tu ) 1/2 


and 


B = 


B 


M 


B 


2 

0 


11 0 
0 


1 

'(BM-Bp) 1 / 2 0 ' 

"Adi X 12 ' 

'(BM-Bp) 1 / 2 0 ' 

2 

0 y/2I 

* 1*2 Y 

0 y/2I 


In X 


12 


*1*2 Y 


is a selfadjoint con- 


B = 


where Adi is selfadjoint contraction in ran (Bm — Bp) and 

traction in ran (B M — Bp) © Ti. Thus 

\{B m + Bp) + \(B M - BpY/ 2 X n (B M - Bp) 1 / 2 j=(B M - Bpf/ 2 X l2 
±X* 12 (B m - Bp) 1 / 2 Y 

Hence M = ±(B M - Bp) 1 / 2 X 12 , M* = *A * 2 (B M - Bp) 1 / 2 , and 

B(z) = C+ l -{B M - Bp) 1 l 2 zX 12 (I - zY)~ 1 Xl 2 {B M - Bp) 1 / 2 

= \(B M + Bp) + X -(B M - Bp) 1 / 2 (A n + zX l2 (I - zY)~ 1 X{ 2 ) (B M - Bp) 1 / 2 . 

Therefore, B(z) is of the form (14.3[) . Applying Theorem 14. II and the formula (j4.2|) one gets 
the first statement of the theorem. 

2) The function 0 can be realized as the transfer function of the minimal passive selfadjoint 
system 

' r £ M 

M* Y 


£ = 


, Ti,Ti,fi 


with input-output space T-L and the state space $). Again the operator 

id id 


B = 


£ M 
M* Y 


© -> © 

T-L T-L 


is a selfadjoint contraction, 
(4.8) 


span < C n MTi, n e M 0 \ = id, 
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and 

0(z) = Y + zM*(Isj — zC)~ x M , z G C \ {(—oo, —1] U [1, +oo)} . 

The minimal system E is determined by 0 uniquely up to unitary equivalence; see [13]. 

Define _ _ _ 

9d:=ranM, j} 0 := Sj © Tt = ker M*, B:=CfSj 0 . 

Then B is a Hermitian contraction, dom /i = Uo- and B is an sc-extension of B. Moreover, 
()4.8p means that the operator B is simple, i.e., it has no reducing subspace on which B is 
selfadjoint. To complete the proof it remains to apply Corollary 14.21 □ 

The last part of this section is devoted to the study of the following linear fractional 
transformation of the transfer function @(z) of the form (14.6H : 

V(A, = /„ - 2 (/« + e (y3j) ) 1 

where A 6 C \ [0, +oo). From the properties in (14.711 it follows that for all j3 G (0, 7t/2) 

arg A G [tt - £, tt + j3\ => |Im (J\f(X)f, f) H \ < tan/3 Re (Af(X)f, f) H , f G domAl(A). 

Hence, the linear relation Af(X) is m-sectorial for each Re A < 0 and, in particular, if A < 0 
then A/”(A) is nonnegative and selfadjoint. In the next theorem the main analytic properties 
of W(A) are established and an explicit representation for Af(X) is obtained. Using the 
terminology in [26] the result shows in particular that A/"(A) forms a holomorphic family of 
the type (B) in the left open half-plane. 

Theorem 4.4. The domain £ := P[A/"(A)] of the closed form A/"(A)[-, •] associated with the 
family Af(X) in (14.9H does not depend on A, Re A < 0, and the form f/(X)[h,g] admits the 
representation 

N(X )[h,g] 


Re A < 0, h,g G £ ran (I- H + 0(O)) 1//2 , 
where B 0 and B\ are as defined in (13.711 and (13.811 , 

Y = ( I n - 0(O)) 1/2 (/ w + ©(O))^ 1 ^ : £ £, 

and V : ran (B\ — B 0 ) TL is an isometry. Here (In + ©(O))© 1 / 2 ^ is the Moore-Penrose 
pseudo inverse. 

Proof. Since 0 is the transfer function of a passive selfadjoint discrete-time system, see (I4.6H . 
||@(z)|| < 1 for all \z\ < 1 and 0*(z) = 0(A). Then the real part 

Re(ew) = i(ew + e*w) 

satisfies In ± Re(0(*)) > 0 for all zgB, Since 1% ± Re(@(z)) are harmonic functions, a 
result of Yu.L. Shmul’yan [4lJj yields the following invariance equalities 

ran (In + Re Q(z)) 1 ^ 2 = ran (In + 0(O))© 2 , 
ran (In — Re ©(z))) 1 © = ran (In — 0(O))© 2 , 


Bn 


1 - A 
1 +A 


-i 


(Bi — i?o) 1 / 2 U* ] Yh, Yg 
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for all xeD; observe that ©(0) = 0(0)*. From Douglas Theorem |23] we get 

(In + ^ 0(z))R 2 = (I n + 0(0 )) 1/2 F(z), 


where F x (z) is bounded for all z G © in ran (I H + 0(0)). Since 0(z) G Cn for all z G D, 
the operators In + Q(z) are m-sectorial bounded operators. Therefore, 

In + ©(*) = (In + ©r(-)) 1/2 (/ + iG(z))(I u + ©r(-)) 1/2 , IS € D, 

where G(z) = G*(z) in the subspace ran (In + 0r(O)) and / is the identity operator in 
ran (In + 0_r(O)). Hence 

In + ©(*) = (In + Qr(0)) 1/2 F(z)(I + iG(z))F*(z)(I n + ©^O)) 1 / 2 , z G D. 

In addition, the function 0 can be represented in the form (see [43] ) 

@(z) = 0(0) + D©( 0 )4 > (z)De( 0 ), z G D, 

where 4>(z) is holomorphic in ID). Since Dq ( 0 ) = (In + ©(0 )Y^ 2 (In ~ 0(O)) 1,/2 we obtain 
Q(z) = 0(0) + (I u + Q(0)) 1 ^(z)(I n + ©(0)) 1/2 , z G D, 

where 

T(z) = (In - 0(O)) 1 / 2 $(z)(/ w - ©(0)) 1 / 2 . 

On the other hand, 


(4.10) I n + G(z) = (I H + ©(0)) 1/2 (J + *(z))(I n + ©(0)) 1/2 . 

Thus I + 'F(z) = F(z)(I + iG(z))F*(z). It follows that I + T(z) has bounded inverse in 
fan (In + @(0))R 2 . Furthermore we use Proposition 12.21 For A with Re A < 0 we get 

'D[J\f(X)} = ran ( I H + Re 0 


^ = ran (I n + ©(0)) 1/2 , Re A < 0. 


Consequently, the domain £>[A/"(A)] of the closed sectorial form Af(X) [-, •] is constant if Re A < 
0. For u G ran (I H + ©(O)) 1 / 2 if Re A < 0 and A = (z — l)(z + 1) _1 we get 

M(X)[u] = -||u|| 2 + 2((/ + iG(z))~ l (In + Re0(z))-R 2 u, (I H + Re Q(z))~ l / 2 u) 
(4.11) = -|M| 2 + 2((/ + iG(z))- l F~ l (z)(In + ©(O))- 1 / 2 !/, F- 1 (z)(In + ©(O))" 1 / 2 !/) 

= -INI 2 + 2((J + ^(z))-\l H + ©(O))- 1 /^, (In + ©(0 )Y 1/2 u). 


Therefore, A/"(A)[w] is holomorphic in A in the left half-plane. Consequently, M(X) forms a 
holomorphic family of type (B) in the left half-plane in the sense of [125] . 

Next the representation of the form A/”(A)[-, •] is derived. Let B = Bx be as in (I3.2p . let 

Zq and Z\ be given by (13. 3j) , and let B 0 and B\ be given by (13 . 7]i and (13.81) , respectively. 
Then using the representation 


A 


Xu U Dx 22 

Dx 22 U* X 22 


91 91 

0 —y 0 , 

n n 


where U G L(D y 22 ,91) is a contraction, see Remark [2.51 one can write 

Z 0 = X n - U(Iv X22 - X 22 )U*, Z 1 = A n + U(h> Xm + X 22 )U*. 
Moreover, Bi — B 0 = 2D K *UU* D K *Pu and if C is an in (14. 5 p then 

G — B 0 = D k *( An — Z 0 )D k *P<ji = D K *U(I® X22 — X 22 )U* D K *P^. 







24 


YURY ARLINSKII AND SEPPO HASSI 


Define 

Qc(Z) = p n(C-£Isi)- 1 \% UP(C). 

Then it follows from (j2.7|) that 

Qe(0 = Qs 0 (0 (a» + ( 5 ~ ■BoIQb.K))" 1 , f e c \ [- 1 , l], 

cf. [Dj. Furthermore, for £ G C \ [—1,1] 

X{ 2 D K * Qc(0 Dk*X u = Dx 22 U*D k * Qq{£)D k * UDx 22 
= D X22 U*D ks Q §o (Z) (I* + D K5 U(Iv X22 - X 2 2 ) U*D k *Q§ 0 {i))~ l Dk 5 UD X22 
= (In + X 22 y/ 2 (I n + (I H - X 22 y/ 2 U*D K *Q % ((i)D K *UPv X22 (In ~ X 22 f /2 ) 1 
x(/« - X 22 y/*U*D K5 Q So (OD KS UD X22 , 

where P® X22 is the orthogonal projection in B onto T>x 22 and the last identity follows from 

(I n + (I H - X X!l ' r ‘U-lJ K .Q i ,n i lJ K; UI’ B ,,Jl n - A' 22 ) 1/2 ) (In - XnY l *U'D K .Q ta (i) 

= (In ~ A - 22 ) 1/2 U’D ks Q & (() (I m + D K .U(h x „ - X 22 )U’D KS Qg o (0). 

This yields, see (14.61) . 

In + © (1/0 = In + X 22 - X* 12 D ks Q 5 (0D ks X 12 = 

(In + X 22 ) 1/2 (In + (In ~ X^U'D^Q^D^UP^ (In ~ X 22 f! 2 ) 1 (I H + X 22 f/ 2 . 
Since ©(0) = X 22 , it follows from (14. 10)1 that 

I + T (1/0 = (/+(/- X 22 ) 1 l 2 U*D K .Q no (£)D K .UPv Xm (I - X 22 )>/ 2 )^ (ran (I H + ©(0)), 

where / = /fan(/ K +e(o))- The equality Tfi — B 0 = 2 D K *UU*D K *Pn implies that 

V2U*D KS Pn = V(B X - 5 0 ) 1/2 , 

holds for some isometry V mapping ran (I?! — B 0 ) onto fanU*(C Dx 22 Q %)■ Hence, 

(/ + T (1/e))- 1 = /+(/- X 22 y/ 2 U*D K5 Q §o (t)D K *UPv X22 (I - X 22 y/ 2 
= i + \(i- x 22 y^ 2 v (Bi - b 0 ) 1/2 Qb o (O(Bi - h 0 ) 1/2 h*(/ - a 22 )V 2 

= \(I + X 22 ) 

+§(/ - x 22 y/ 2 (/ + y(5 2 - B 0 y/ 2 Q So (O(Bi - B 0 y/ 2 v*^ (i - x 22 y/ 2 . 

It remains to substitute this expression into the representation of A/"(A) in (14. lip to conclude 
that for h, g G ran (I + A^) 1 ^ 2 and for Re A < 0 with e = (1 — A)(l + A) -1 , 

a/AMM = ((/ + v(B l - Bo) 1/2 <3 8 „K)(b i - B 0 ) 1/2 r*) vft.rj), 

where 

Y =(I- X 22 y/ 2 (I + A" 22 ) (_1 / 2 ) = (In - 0(O)) 1 / 2 (/ w + ©(O))© 1 / 2 ) : £ -A £. 

This completes the proof. □ 
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